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Abstract 



A geometric interpretation of curvature and torsion of linear transports 
along paths is presented. A number of (Bianchi type) identities satisfied by 
these quantities are derived. The obtained results contain as special cases 
the corresponding classical ones concerning curvature and torsion of linear 
connections. 



1 Introduction 



The properties of curvature and torsion tensors of a linear connection and 
the satisfied by them Bianchi identities are well-known [?, ?]. Looking over 
the given in [?] definitions and properties of the curvature and torsion of 
linear transports along paths, one can expect to find out similar results in 
this more general case too. To their derivation is devoted this paper. Sect. § 
reviews some definitions and results from [?, ?] and also contains new ones 
needed for our investigation. Sect. ^ proposes a geometrical interpretation 
of the torsion of a linear transport along paths on the basis of the question 
of the existence of an 'infinitesimal' parallelogram. Sect. § deals with the 
geometrical meaning of the curvature of a linear transport along paths. It 
is shown that the curvature governs the main change of a vector after a 
suitable transportation along a 'small' (infinitesimal) close path. Sect. ^ 
gives the derivation of the generalizations of the Bianchi identities in the 
case of linear transports along paths. This is done by using the developed 
in [?] method for obtaining many-point generalizations of the Jacobi identity. 
Sect. ^ closes the paper with some concluding remarks, including a criterion 
for flatness of a linear transport along paths. 



2 Some preliminary definitions and results 

Below are summarized some needed for this investigation definitions and 
results for linear transports along paths in vector bundles and their curvature 
and torsion. 

Let {E, TT, B) be a realQ vector bundle with base B, total space E and 
projection tt : E ^ B. The fibres Tr~^{x), x G B are supposed to be 
isomorphic real vector spaces. Let 7 : J — >■ with J being a real interval, 
be an arbitrary path in B. According to [?, definition 2.5] a linear transport 
(L-transport) in (E, vr, B) is a map L : ^ ^ L"', where the L-transport along 
7 is : (s,t) ^ L^^-t, s,t e J. Here L]^t : 71-1(7(5)) TT-'^{j{t)) is the 
L-transport along 7 from s to t. It satisfies the equations: 

L2^^{Xu + fj.v) = XL2^^u + fiL]^^v, A,/xeM, u,v e n'^i'y^s)), (2.1) 
L]_,,oL:_,^ = L]^^, r,s,teJ, (2.2) 
Lj_g = id^-^^(^s)) (2.3) 

with idu being the identity map of the set U. 

^AU of the results of this work are vahd mutatis mutandis in the complex case too. 
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Propositions 2.1 and 2.3 of [?] state that the general structure of Ll^^ 



IS 



(2.4) 



where the map F] : 7r^-'^(7(,s)) y is a hnear isomorphism on a vector 
space V . The map F] is defined up to a left composition with a linear 
isomorphism D'^ '■ V ^ V_, with V_ being a vector space, i.e. up to the 
change F] o F] . 

Let {ei(s)} be a basis in 7r~^(7(s)). Here and below the indices i, j, k, ... 
run from 1 to dim(7r^^(x)) = const =: n. The matrix of the L-transport 

L (see [?, p. 5]), H{t,s;-f) = \Hj{t,s;j)\ = H-^{s,t;-f), is defined by 

Ll_^^ej{s) = Hj(t, s]^)ei{t), where hereafter summation over repeated in- 
dices is assumed. The matrix of the coefficients of L [?, p. 13] is r^(s) = 

r'(s;7) = dH{s,t;^)/dt |^^^. Therefore for a L-transport, we have 



H^\s + e, s; 7) = H^\s, s + e; 7) 



ds 



+ 0{e^), (2.5) 



with 1 being the unit matrix. Here we have used 



d^H{s,trf) 

dp 



t=s 



ds ■ 



(2.6) 



These cqiiations follow from the fact that the general form of the matrix 
H is i/(i, s;7) = F~^(t; 7)F(s; 7) for some nondegenerate matrix function 
F[7]. 

Let r] : J X J' ^ M, J, with J' being M-intervals, be a map on the 

real differentiable manifold M with a tangent bundle (T(M),7r,M). Let 
r]{-,t) : s I— I- r]{s,t) and ??(s, •) : t 1— > r]{s,t), {s,t) € J x J' . Here by r]'{-,t) 
and r]"{s, •) we denote the tangent to r/(-,t) and ri(s, •), respectively, vector 
fields. 

By [?, definition 2.1] the torsion (operator) of a L-transport L in 

{T{M),n,M) is a map 



T : r] : J X J' ^ T{M) 



such that 



T^{s,t) ■.= vf'%"{.,t)-vf'\'{s,-) e T„ut){M) 



(2.7) 
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where T)l is the associated with L differentiation along paths [?], defined by 



V2a := (PV) (7(.)) := 



d 



^ {L]^,^^a{s + e)) 



e=0 



for a section a. 

Analogously [?], for r] : J x J' ^ B the curvature (operator) of an 
L-transport L in the vector bundle {E, vr, B) is a map 



7^ : r/ ^ 7^'' : (s, i) ^ 7^'^(s, t) : Sec^{E, vr, B) Sec{E, vr, B) 
such that 



(2i 



In terms of the coefficient matrix T the components of torsion and cur- 
vature are respectively [?] 



(T^(s,t)r = r;.(.;ry(.,t)) {r^"{s,t)y -T]{t;rjis,-)) W{s,t)y , (2.9) 

(2.10) 



+ r^(-,i)('5)r,,(s,.)(t) - r^(s,.)(t)r^(.,t)(s). 



Below we shall need the following definitions: 

Definition 2.1 The torsion vector field (operator) of an L-transport in the 
tangent to a manifold bundle is a section T"^ G Sec ^ (T(M), vr, M) j,-)^ 
defined by 

T^{v{s,t)):=T^{s,t). (2.11) 
Defining {'D'^a){'y{s)) := Vja, from (|2?7|) we get 

T\^{s,t)) = {v^^''^rj"i.,t)-V^^''-^v'is,-)) iv{s,t)). (2.12) 

Definition 2.2 The curvature vector field (operator) of an L-transport is a 
section BP € Sec^ (^{E ,1: , B)\^^^j j,^ defined by 

W{r]{s,t)):=n'^{s,t). (2.13) 

Definition 2.3 An L-transport along paths is called flat (=curvature free) 
on a set U ^ B if its curvature operator vanishes on U . It is called flat if it 
is flat on B, i.e. in the case U = B. 
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V{s + S, ■) 




Figure 1: Geometrical interpretation of the torsion 

3 Geometrical interpretation of the torsion 

Let r/ : J X J' — > M be a map into the manifold M, {s, t) £ J x J', and 
5, e G M be such that {s + 5,t + e) G J x J' . Below we consider 5 and e 
as 'small' (infinitesimal) parameters with respect to which expansions like 
will be used. 

Consider the following two paths from rj(s, t) to ri{s + 6,t + e) (see fig- 
ure ||): the first, through ?7(s + (^, t), being a product of ?7(-, t) : [s,s + (5] 
and r/(s + 5, •) : [t, t + e] ^ M, and the second one, through r]{s, t + e), being 
a product of r/(s, •) : [t,t + e] ^ M and r/(-, t + e) : [s, s + 5] ^ M. (Here 6 
and £ are considered as positive, but this is inessential.) 

Up to 0(5^) and O(e^) the vectors A := 6r]'{s,t) and B := £r)"{s,t) are 
the displacement vectors [?] (linear elements [?]), respectively, of r]{s + 6,t) 
and ri{s, t + e) with respect to 7]{s, t). 

Using ( |2.5| ) and keeping only the first order in e and 6 terms in it, we 
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get the following component relation: 



Lfl±A 



-- {B - Ay - 5e {T^is, t))' + 0{5e^) + 0{5'^e). 

(3.1) 

According to [?, ch. V, sect. 1] this result has the following interpreta- 
tion. After the 'L-transportation' of two linear elements A and B along each 
other we get, up to second order terms, a pentagon with a closure vector 
—5eT^{s,t). This implies the existence of an infinitesimal parallelogram 
only in the torsion free case. 

Using again ( |2.5D and keeping only first order terms, after some algebra, 
we find 



I^oL^^ilA 



L^^^J^^B 



6£{T\s,t)y + 



+ 0{S'^) + 0{6h) + 0{6e^) + 0{e^). (3.2) 

Note that if 77 is a family of L-paths, i.e. Ls|^s2^'(sii = '>]'{^2,t) 
and L^^^jJ-^r]"{s,ti) = rj"{s,t2), for all s,si,S2 € J and t,ti,t2 G J', the 
expression in the square brackets in ( |3.2D is simply (B — Ay. 

So, the torsion describes the first order correction to the difference of 
two (infinitesimal) displacement vectors when they are (L-)transported in 
the above-described way. 



4 Geometrical interpretation of curvature 

Let {E, TT, B) be a vector bundle, r] : J x J' ^ B he a map, and L be 
a L-transport along paths in {E,7r,B). Let (s,t) & J x J' and (5, e E M, 
6,e > (this condition is insignificant for the final result) be such that 
{s + 6,t + e) e J X J'. 

Consider the paths on figure The result of an L-transport of a vector 
from r]{s,t) to r]{s + 6,t) along r]{-,t)\^^ then from r]{s + 6,t) to 7]{s + 
5,t + e) along r]{s + 5, •) I [t t+e] ' then from r]{s + 6,t + e) to r/(s, t + e) along 
r?(-,t -I- e)|[^^g_,_5], and, at last, from r]{s,t + e) to r]{s,t) along r/(s, •)|[^ is 
expressed by 

Proposition 4.1 For any L-transport, we have 

= id^-Hv{s,t)) - 5eTV^{s, t) + 0(5=^) + 0{5^e) + 0{5e^) + 0{e^). (4.1) 
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ri{s + 5,t) 



r/(s + 5, t + e) 




vis, •) 



Figure 2: Geometrical interpretation of the curvature 

Proof. In a field {ei{s,t), {s,t) G J x J'} of bases in ■K^^{r]{J, J')) the 
matrix of the linear map standing in the l.h.s. of ( [4 .11) is 



H{t,t + e;r]{s,-))H{s,s + 6;rj{-,t + e))H{t + e,t;ri{s + 6,-))H{s + 6,s;ri{-,t)). 
Substituting here (|2.5| ) and using the expressions 

d 

r,,{s+5,-)(0 = + + 0{d^), 

d 

we find this matrix to be 

f d d \ 

1+^^ ( ^r^{-,t)('S) - ^r^(s,.)(0 - r^»?(-,i)(s)r,,{s,.)(i) + rr,(s,-)(Or^(-,i)(s) 1+ 

+ 0(5^) + 0{5^e) + 0(fe2) + 0(e3). 
Taking into account ( |2.1[l| ), we get this expression as 



1-fe 



{-RPis.t))] +0{6^)+0{5^e) + 0{5e^)+0{e^) (4.2) 



which is simply the matrix form of ([4.1|). ■ 

Proposition shows that up to third order terms the result of the above- 
described transportation of a vector A G TT~^{rj{s,t)) is 



A-5e {n\s,t))iA). 



(4.3) 
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Another corollary of (4.1) is the (equivalent to the definition of the cur- 
vature) equality 



7^^(s,^) 



lim 



1 



L 



vis,-) ^ Tri(-,t+e) ^jr)(s+S,-) ^ 



t+£- 



oL'l 



(4.4) 



5 Bianchi-type identities 

The curvature operator ( p.^ ) is simply a commutator of two derivations along 
paths. As we shall see below, the torsion (|2.7D is also a skewsymmetric 
expression. All this allows one to apply the developed in [?] method for 
obtaining Jacobi-type identities. This can be done as follows. 

Let us take an arbitrary map : B, with j'^ := J x • • • x J, 

where J appears k times. A; G N, and B being the base of the vector bundle 
{E,Tr,B). Let s := {s\...,s^) € We define the paths Ta : J ^ B hy 
Ta{<T) := '7"^(s)|^jj^^, o" € J and the maps (families of paths) Tab '■ J x J B 
by rab(cri,cr2) := t''(s)|^„^^^_^6=^2, cri,(^2 e J which depend implicitly on s. 
Hereafter a,b,c,d = 1, . . . ,k. We write fa for the tangent to vector field 
in the case when (E, vr, B) = (T{M), vr, M) for some manifold M. 

Proposition 5.1 The following properties of antisymmetry are valid: 

n^'^''iSa,Sb)+n^'-iSb,Sa)=0, (5.1) 
rprai^T^ba = Q Or T {s a , Sb) + T ^'^^ {sb, Sa) = 0. (5.2) 

Remark These equalities are analogues of the usual skewsymmetry of 
curvature and torsion tensors in the tensor analysis [?]. 

Proof. The two-point Jacobi-type identity is {i^ab)[a,b]) ^ab> ^ ^ ^^^^ t"^' 
eq. (5.1)]), where Aab are elements of an Abelian group, {Aab)[a,b] ■= ^ab — 
Aba and (^ab)<a,fe> := ^ab + Aba- Substituting here Aab = T^^" ° in 
the case of a vector bundle {E, tt, B) and Aab = (u) in the case of the 
tangent to a manifold M bundle (T(M),7r,M) and using (U) and (|1|) 
(or (^)), one gets respectively (|5.lD and (|5.2|) . ■ 

Proposition 5.2 The following identities are valid: 

{j)ra „ Tz-,c^sb, Sc) - TZ-^^isb, Sc) o T>-^}^aAc> = ^ (. o^ 

{p-(7e--(.,,. ,))}<,,,,,> = 0, ^'-^^ 

{(7^--(s„ Sb)) (f,)}<,,,,,> EE {P-'^ (T--)}<,^,^,> , (5.4) 
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where < . . . > means summation over the cyclic permutations of the corre- 
sponding indices. 

Remark. These identities are analogous, respectively, of the second and 
first Bianchi identities in tensor analysis [?, ?]. This is clear from the fact 



that due to the antisymmetries (5.1) and (|5.2| ) the cyclization over the indices 
a, b and c, i.e. the operation < ... >, in and ( ^.41) may be replaced with 
antisymmetrization over the indices a, b and c. (E.g. if Aabc = —Aacb and 

{^abc)[a,b,c] •= i^abc + ^6ca + ^cafe)[b,c] ' ^^^^^ ^ i^abc) ^abO = i^abc) [abc]') 

Proof. The (3-point) generalized Jacobi identity (see [?, eq. (5.2)]) is 
{{Aabc)\a\b c]]) = 0' '^itb Aabc being elements of an Abelian group, 

V L 'I > Jjy ^a,b,c> 

{■'^abc)[a,[b.c]] •~ i^abc ~ Abca)[b.c] ^^'^ i^abc) <^a,b,c> ■~ -^abc + Abca + Acab- 

We put Aabc = T^^" ° o T^^" in the vector bundle case and Aabc = 
(P"^" oV^b'-j ^f^^ the tangent bundle case. In this way, after some simple 



algebra (see (U), (gj) and (13)- (U)), we get respectively (U) and (U). ■ 
The 4-point generalized Jacobi-type identity 

{iAabcd)[a,[b,[c,d]]] + ^^'"^^^^Kd^i^M]]} ^a,b,c4> ^ ^ 
with {Aabcd)[a,[b,[c,d]]] ■= i^abcd - ^bcda) [b,[c,d]] ^'"-'^ i^abcd) ^a,b,c,d> •= ^abcd + 

Abcda + ^cdafe + Adabc also produces an interesting identity in our case. In 
fact, putting Aabcd = oV'^'' oV^" oV'^'^ in the vector bundle case, one can 
easily prove after some simple calculations 

Proposition 5.3 The identity 

{7^--(s„5,)(i^--)}<„,,,,,,> = o, (5.5) 

where K^"'^ is the curvature vector field on t^{J, ■ ■ ■ ,J) is valid. 

Remark. This result generalizes eq. (6.5) of [?] in the classical tensor 
case. 

The last result also follows from the evident chain identity 

= {n-'-^{Sa,Sb)on-'^'^{.Sc,Sd)-n^-''{Sa,Sb)on^^'^iSc,Sd)}^a,b,c,d> = 
= {n^-'iSa,Sb)on^^^{Sc,Sd)-n^^''{Sc,Sd)on^^''{Sa,Sb)}^a,b,c,d> = 
^ {{'R.^^^{Sa,Sb) {R^^")) {rcd{Sc,Sdm^a,b,c4> = 

^ {{n^-'iSa,Sb)iR^^^)}^a,b,c4>) (^'(' 

Note that in the tangent bundle case the substitution 

Aabcd = {V^''oV^''oV^^){fd) 

leads to the trivial identity = 0. 
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6 Conclusion 



In this paper we have examined some natural properties of the curvature 
(resp. the torsion) of hnear transports along paths in vector bundles (resp. 
in the tangent bundle to a manifold). These properties are similar to the 
ones in the theory of linear connections. The cause for this similarity is 
that in the case of the parallel transport assigned to a linear connection 
our results reproduce the corresponding ones in the classical tensor analysis. 
The reduction to the known classical results can easily be proved by applying 
the used in [?] method for introduction of curvature and torsion of a linear 
connection by means of its parallel transport. 

In connection with this below is presented the generalization of the the- 
orem that a linear connection is flat iff the assigned to it parallel transport 
is independent of the path (curve) along which it acts and depends only on 
the initial and final points of the transportation. 

Theorem 6.1 An L-transport in {E,tt,B) is flat on U Q B if and only 
if in U it is independent of the path (lying in U) along which it acts and 
depends only on its initial and final points, i.e. the set {L^^-f.} forms a flat 
L-transport in U B iff for 7 : J — > C/ depends only on the points 
7(5) and 7(f), but not on the path 7 itself. 

Remark. In this theorem we implicitly suppose U to be linearly con- 
nected, i.e. its every two points can be connected by a path lying entirely 
in U. Otherwise the theorem may not be true. 

Proof. Let the L-transport L be flat, i.e. TZ^{s.,t) = for 77 : J x J' — >■ 
C S. By [?, theorem 3.1] there is a field of bases {cj} on U in which 
the matrix of L is unit, i.e. H{t,s;-f) = 1, 7 : J — > C/. In these bases 



for u G TT ^7(5)), we have L]^^u = Wj{t, s;-f)u^ (ci I^^^J = (ci \^^^~^ 



which evidently depends on the points 7(5) and 7(t) but not on the path 7 



Conversely, let for 7 : J — > [/ the transport L^^^ depends only on the 
points 7(5) and 7(t) and not on the path 7 connecting them. For fixed 
xq G U and basis {e^} in 7t~^{x) we define on U the field of bases {cj} by 
Cj 1^ := -Z^f^^e^, where (3 is any path in U joining xq and x £ U, and such 
that /3(a) := xq and /3(5) := x. By assumption {e^ |^} depends only on x 
but not on (3. Using that L^^^ depends only on 7(5) and 7(t), we have 



itself. 




= l: 




l7(t)' 
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where a is any path in U such that a{a) = 7(s), a{b) = j{t), and a{c) = xq. 
As ^ej l-y(s)^ = Hf(t,s;^)ej we see that in {cj} the matrix of L 
is H{t, s;j) = 1, which, again by [?, theorem 3.1], imphes the flatness of L 
in U. m 

In conclusion we have to note that all of the results of the present paper 
remain true in the complex case. For this purpose one has simply to replace 
in it the word 'real' with 'complex' and the symbols M and dim with C and 
dime respectively. 
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